In the Bloch wave approach in estimating the baryon number violating scattering cross-section in the standard electroweak theory in the laboratory, the relation between a single sphaleron barrier case versus multiple (near periodic) sphaleron barrier case is clarified. We explain how realistic consideration modifies/corrects the idealized Bloch wave and the resonant tunneling approximation. The basic idea is in part analogous to the well-known triple α process to form carbon in nucleosynthesis.
I. INTRODUCTION
The SU (2) × U (1) electroweak theory is very well established by now. With the SU (2) gauge coupling g 0.645, or α W = g 2 /4π 1/30, the W-boson mass m W = gv/2 80 GeV (where v = 246 GeV is the Higgs vacuum expectation value) and the Higgs mass m H = 125 GeV all measured, the theory (without extending it further) has no free parameter, so all dynamics are in principle completely determined. One important property is the sphaleron potential barrier height, also known as the sphaleron mass/energy, E sph = 9.0 TeV (turning off the U (1) coupling raises the mass to 9.1 TeV), which separates vacua with different values of the Chern-Simons number n [1, 2] .
Due to the presence of instantons and anomalies, the baryon number B and the lepton number L are not conserved in the electroweak theory [3, 4] . So one likes to search for these (B +L)-violating processes in the laboratory, where the changes ∆B = ∆L = 3∆n, where ∆n is the change in n. Interesting parton (left-handed quarks) scatterings in proton-proton collisions are the ∆n = 0 scatterings at quark-quark energy E≥ E sph ; e.g., a ∆n = +1 quark-quark scattering,
where X includes particles to conserve electric charge as well as (B − L). So a single (B + L)-violating event can produce 3 negatively charged leptons plus 3 b-quarks (where a b quark can be replaced by a t quark). Other interesting possible experimental detections have also been proposed recently [5] [6] [7] .
Although it is well known that baryon number violating processes happen in the electroweak theory [1] [2] [3] [4] , there is a large (∼ 70 orders of magnitude) discrepancy in the determinations of the baryon number violating scattering cross-sections at E ∼ E sph [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , separating the observable from the totally unobservable predictions * yqiuai@connect.ust.hk † iastye@ust.hk, sht5@cornell.edu in the laboratory. In the early estimate, the (B + L)violating scattering cross-section in the laboratory goes like (2) at low energy where F (E = 0) = 1. Leading order corrections show that F (E) decreases (σ increases) as E increases, but the estimate is no longer reliable for E → E sph . Although it is believed that F (E) = 0 for any energy, one cannot rule out the possibility that F (E) becomes small enough at E E sph so that the exponential suppression factor is no longer suppressive. However, earlier speculations have shown that such (B + L)-violating scattering cross-section σ(E, ∆n = 0) in the laboratory remains exponentially small (see Fig.1 ); so that even if one can reach proton-proton energy of around 50 TeV, with the quark-quark energy Emuch higher than the sphaleron barrier height of 9 TeV, the event rate is still far too small to be observed [14-16, 21, 22] . It is useful to take an entirely different approach to this problem. In the idealized situation, one starts with the Bloch wave formulation for the periodic sphaleron potential [19] . (The existence of continuous Bloch wave bands is briefly reviewed in Appendix A.) Because of the parton distribution function, Ehas an energy spread. For energy E || along the (B + L)-violating direction within a Bloch wave band, the (B + L)-violating process is unsuppressed. Since there is no solution for E || outside the band in the (B +L)-violating direction, only the (B +L)conserving process can take place for E in the Bloch wave band gap. At E ∼ 0, due to the very narrow Bloch wave band width [19] ,
Up to the (different) prefactors in (2) and (3) , this qualitatively reproduces the exponential suppression (2) from a totally different viewpoint. The big advantage of this viewpoint is the reliability in the extrapolation to higher energies. In this approach, we find that σ(∆n = 0) is no longer exponentially suppressed at E ∼ E sph , so there is a chance that a (B + L)-violating event may be observed -11, 23] . The dotted curve is given in Ref. [18] . The dot-dash curve is for the idealized Bloch wave analysis [19] . The solid curve is the best estimate of this paper.
at the Large Hadron Collider (LHC). The discrepancy is illustrated in Fig. 1 .
Ref. [20] gives a brief comparison between the two very different estimates of the (B + L)-violating scattering cross-section. Here, we shall provide some background and clarifying discussions on the Bloch wave analysis [19] . However, the idealized Bloch wave picture also has its own corrections/modifications. The two main modifications/corrections to the idealized case are: (1) the presence of baryon-number conserving directions, which allows the leaking of energy, or"decay", from the (B + L)-violating direction, indicated by a drop in E || (a transition from a higher energy band to a lower energy band), where E || is the energy along the the (B + L)violating direction while E(≥ E || ) includes energies along the the (B + L)-conserving direction;
(2) the existence of fermion masses tilts the periodic sphaleron potential, as illustrated in Fig. 2 . This tilt of the potential also assures us that its translational symmetry is global instead of "local".
In the absence of both the "decay" and the tilt of the periodic potential, i.e., the idealized Bloch wave case, ∆n can be large, or unbounded. In the presence of the tilt but no "decay", ∆n = 0. In the realistic situation where both decay and tilt are present, we find that ∆n to be small, probably dominated by ∆n = ±1.
To have unsuppressed (B + L)-violating event rate, we need energy along the periodic sphaleron potential direction E || ∼ E sph , which means the quark-quark energy EE sph . At proton-proton energy E pp = 14 TeV, parton distribution suppression (∼ 10 −6 ). Together with the phase space suppression [(1 − E || /E) 2 ∼ 10 −4 to 10 −3 [20] ], this leads to an overall suppression of ∼ 10 −10 . (The suppression is a few orders of magnitude worse at E pp = 13 TeV.) Such a suppression will be substantially alleviated if LHC can increase E pp just a few TeV above 14 TeV.
The rest of this paper goes as follows. Sec. II recaptures the issue on the rate of the (B + L)-violating process. Sec. III reviews the basic physics, with an em-phasis on the periodic potential we are addressing here. Together with Appendix A, we show the existence of the continuous (in energy) Bloch wave bands. Sec. IV gives a general description of resonant tunneling with decay. Here, decay means energy along the (B + L)-violating direction is lost to the (B + L)-conserving direction. Sec. V discusses the single barrier with decay model, which already captures many of the key features. This is followed by discussions for the double barrier case in Sec. VI and the triple barrier case in Sec. VII, where the tilt is included. These cases allow us to see the general features of a tilted periodic potential with decay, as discussed in Sec. VIII. Sec. IX reviews the sphaleron process, where the sphaleron is elliptic instead of spherical even if we rotate it to Euclidean space. Sec. X gives a brief discussion. Appendix B gives a brief review of the famous triple α process, a prime example of resonant tunneling with decay.
II. THE ISSUE
FIG. 2. Upper graph shows the idealized quantum mechanical periodic sphaleron potential as a function of the Chern-Simons variable. The barrier height is E = 9.1 TeV, which should be lowered to 9.0 TeV when the U (1) gauge coupling is turned on. It has Bloch waves as the solutions. The lower graph shows the actual sphaleron potential relevant in the presence of the fermions, where the tilt is exaggerated for illustrative purposes. Shaded area implies that non-accessible region will be encountered by the wavefunction at some point. In actual case, this happens around 450th period for incoming energies close to the sphaleron energy.
Although the Bloch wave study [19] captures a key feature of the (B + L)-violating scattering process, two ingredients are not fully accounted for :
• The quantum field theory problem reduces to a multidimensional QM problem, while the Bloch wave study focuses on the (B + L)-violating direction only. We have to include more fully the (B + L)-conserving directions. Energy loss to the (B+L)-conserving directions is treated as some decay here.
• The quark and lepton masses raise the energy of the final ground state with respect to the initial ground state (see Fig. 2 ). This leads to a correction to the Bloch wave solution that has to be taken into account.
Including these two effects, we find in this paper that F (E/E sph ) reaches the minimum at E E sph , as shown in Fig. 1 , and tends to stay there or even grow as E continues to increase. Although we cannot determine the minimum value of F (E/E sph = 1), it is probably very small in our analysis, F (E/E sph = 1) 0. The "not so suppressed" exponential factor due to a very small F (E/E sph 1) may be ignored or appear disguised in our Bloch wave analysis. This should be compared to the earlier estimate given in Ref. [19] before the inclusion of the above two corrections. There, it was estimated that F (E/E sph ) → 0 when E reaches E sph , as shown in Fig.  1 .
We know that ∆n can be identified with the Chern-Pontryagin index [3] . It is straightforward to treat the Chern-Simons variable µ(t)/π as a function of Minkowski time [24] .
Although the choice of µ(t) is gaugedependent, it is gauge-invariant at µ/π ∈ Z/2 and can be identified with the topological Chern-Simons or Hopf index at n = µ/π ∈ Z. Ref. [19] chooses the coordinate x = µ/m W to mimic a spatial coordinate to obtain the one-dimensional time-independent Schrödinger equation:
where the potential V 0 (x) [1] and the mass m [19] are, in the absence of the U (1), V 0 (x) 4.75 TeV 1.31 sin 2 (m W x) + 0.60 sin 4 (m W x) ,
where the periodic potential V 0 (µ) ≡ V 0 (x) is shown in Figure 2 . Note that a rescaling of x rescales m without changiong the physics. Since µ is gauge-dependent when 2µ/π / ∈ Z, the choice of extending 2µ/π to non-integer values is a matter of convenience. (The choice µ/π − sin(2µ)/2π is often used in the literature.) Choosing a different variable to interpolate between half integers of µ/π will require a corresponding modification of V 0 (µ) between the extrema as well as a modification of the mass m, which can become x-dependent [24] .
For the above periodic sphaleron potential V 0 (x), there is A priori no limit to ∆x = π∆n/m W , since the Bloch wave pass bands run over all values of x. Naively, this suggests that a single scattering seems capable to produce a large ∆n, even for ∆n → ∞. Although the discussion there is strictly for the case with no fermions, (B + L)violation is included in the discussion in phenomenology. However, the presence of fermions (with their zero modes) changes the picture in a fundamental way [3, 4] . Let us first consider ∆n ≥ 0 here. In our analysis, the ground state with n B baryons is different from a ground state with n B + 3∆n baryons, so the sphaleron potential is no longer periodic, but rather is tilted upwards as ∆n increases. Ref. [20] estimates that the potential V (x) (4) should take this into account, i.e.,
for x > 0, where c 20m W /π GeV in the absence of CKM mixing and c 3m W /π GeV in the presence of CKM mixing, as illustrated in Figure 2 . In this case, an incoming quantum mechanical wave moving right will be totally reflected, even if the wavefunction can penetrate multiple sphaleron barriers, so it seems that the (B + L)violating process will not take place, since nothing stays at non-zero ∆n. As result, instead of ∆n → ∞, we seem to end up with ∆n = 0.
In the actual situation, the quantum field theory problem translates to a multi-dimensional QM problem, including both (B + L)-violating and (B + L)-conserving directions. Energies diverted from the (B + L)-violating direction to the (B + L)-conserving directions will be treated as decay in the the (B + L)-violating direction. We argue in this paper that, after taking into account the effect of decay and fermion masses, ∆n should be of order of a few. A more accurate estimate probably requires a detailed study of the gauge dynamics. In summary, for energies close to the sphaleron energy, the incoming wave can decay after penetrating a limited few sphaleron barriers, so only part of the wave is reflected, and we expect the (B + L)-violating processes will take place. If we start from the state with baryon number B, and reach the B + 3∆n state for ∆n > 0, the decay simply means that some energy goes to the baryon number conserving directions. This may be crudely approximated by the transition from one Bloch wave to a lower Bloch wave. For ∆n < 0, the wave end up in a region with B baryons and 3|∆n| anti-baryons. The annihilation of 3|∆n| baryon-anti-baryon pairs provides another decay channel. Energetically, a process like
may be more likely than the above ∆n = +1 process (1).
III. REVIEW
Bloch waves are solutions to Eq(4,5) (See Appendix A for the reason why continuous Bloch wave bands exist). There are 148 such conducting bands below the sphaleron energy E sph = 9.11 TeV [19] . The lowest one is at 0.3421 TeV with an exponentially small width (Γ ∼ 10 −180 TeV), while the one just below E sph is at 9.081 TeV with width Γ 7.2 GeV. The one just above E sph is at 9.113 TeV with width Γ 15.6 GeV. This is evaluated in the absence of the fermions.
In the presence of the left-handed fermions, the periodic potential is no longer exactly periodic and the Bloch wave direction we are interested in is different from the usual |θ vacuum direction. At the classical level, there exist n L = 12 (i = 1, 2, ..., n L ) globally conserved U (1) currents for the (left-handed) quark and lepton electroweak doublets
corresponding to the conservation of the fermion numbers. However, this conservation is broken by the presence of anomaly [25, 26] ,
whereF µν is the dual of F µν and there exists a (nongauge-invariant) current K µ . In the presence of instanton solutions in Euclidean space-time [27] ,
where the topological index N takes only integer values. An instanton with value N leads to the tunneling process |n → |n + N . One can construct (gauge-variant) conserved current J i,µ and the corresponding conserved charge Q i ,
which is the winding number Q G of the gauge field minus the normalized ith fermion doublet number Q i F . So a state may be described by n L + 1 values, |n = |n G , n
F |n . Let us start with a vacuum state |0 = |0, 0, ..., 0 , then a tunneling transition preserving all Q i means
which has net baryon number (i.e., baryon minus antibaryon number) B and net lepton number L, and n F = n (1)
. It is important to emphasize that the |n G , n F = 0 states are obviously not vacua, but these classical ground states are almost degenerate with the vacuum states for very soft massless fermions and for not too big n F . More generally, a (B + L)-violating process with ∆n = 0 refers to such a Q conserving transition:
The µ direction in the Schrödinger equation (4) refers to this Q i conserving direction, as shown in Figure 3 . A Bloch wave state takes the form (for integer πµ ∈ Z),
where µ = xm W is the spatial QM coordinate in the Schrödinger equation (4), which has continuous Bloch wave bands. (See Appendix A for further explanation.) Clearly, |k is very different from the standard θ vacuum,
Compared to a vacuum state in |n G , 0 , the ground state of |n G + 1, n (i) F = 1 is about 20 GeV higher if we ignore the CKM mixing (the sum of masses of 3 (b+s+u) quarks plus 3 neutrinos). This is illustrated in Figure 2 . Including CKM mixing, the shift is about 3 GeV (sum of 3 nucleons + 3 neutrinos), so the coefficient c in the potential (6) will be much smaller. This is equivalent to allowing the subsequent decays of the b and s quarks. The actual situation involves a multi-dimensional QM problem, where energy can end up in the (B + L)-conserving directions. This draining of energy from the |k direction will be simulated by decaying in terms of the onedimensional QM problem. For ∆n < 0, anti-baryons are generated, which will annihilate with the baryons present before the transition, thus lowering the ground state energy. This annihilation process may also be simulated as some decay process in the one-dimensional QM problem.
In the one-dimensional QM problem, we know that an incoming wave from the left will penetrate a number of sphaleron barriers, but then will hit a barrier higher than the incoming energy and so is reflected back, as shown in Figure 2 . The reflection coefficient turns out to be unity, so this seems to imply that no (B + L)-violating process happens, as alluded to in Ref. [28] . This may be true to the lowest Bloch wavefunction, but not to the higher Bloch wavefunctions that we are interested in, especially ones that are close to or above the sphaleron height, which can decay to the lower Bloch wavefunctions. This decay plays a similar role like the tunneling through the second barrier top allowing the resonant behavior to enhance the process rate. It is amazing to note that this resonant tunneling plus decay phenomenon has been employed long ago in the famous triple α transition to form carbon in nucleosynthesis in stars in early universe.
IV. RESONANT TUNNELING WITH DECAY
Consider the one-dimensional QM problem with multiple barriers as shown in Figure 2 . A particle coming from the left with energy E below the barrier heights will tunnel through the barriers. Here the incoming energy E is energy along the (B + L)-violating direction. In the WKB approximation, the connection matrix for amplitudes on the two sides of the ith potential barrier is
and particle propagate over the subsequent classicalallowed region with connection matrix Φ i ,
and
where a i and b i are the turning points, respectively. So the general formula for going through m barriers is
In the absence of decay, unitarity requires that the de-
For the periodic sphaleron potential V 0 (x), all M i and Φ i are identical, and m → ∞, so the solution is the Bloch waves, i.e., pass bands with continuously allowed energies within each band and adjacent pass bands are separated by (dis-allowed) gaps. For finite m, each pass band contains a discrete set of allowed energies, which becomes a "dense discretuum" for large but finite m. Here, to get an idea of the likely value of |∆n|, we shall implement the decay as well as the tilting of the potential V (x) in the cases with one, two and three barriers. 
V. SINGLE BARRIER CASE
It is amazing that this simplest case (one tunneling channel and one decay channel) has actually been applied to solve a major puzzle in nucleosynthesis. Before 1950s, cosmologists and astrophysicists could not find a way to produce carbon nucleus and beyond, primordial or in stars. Then Salpeter proposed in 1952 [29] and Holye pushed hard in 1953 [30] that carbon nucleus could be formed if it has an excited state at a particular energy, which was subsequently discovered precisely at the energy predicted. (A brief review is included in Appendix B). Let us go over this case as a step towards explaining the (B + L)-violating process.
As shown in Figure 4 , we consider that the second barrier is simply an infinite wall. In the absence of decay, the reflection amplitude is given by
So the particle is totally reflected. i.e., nothing ends in the region B. Now, suppose the particle can decay to a lower energy level in region B, say the ground state, as shown in Figure 4 . In the triple α case, the decay of the carbon-12 is via the transition from the excited carbon-12 to lower (or the ground state) via the emission of photon(s), while the decay in the sphaleron case is the transition from a higher band to a lower band via a loss of energy to the (B + L)-conserving direction.
To describe a decaying state, usually we can simply add a negative imaginary part to eigen-energy, which gives us Ψ(x, t) = φ(x) exp [−i(E − iγ/2)t/ ]. Because we are calculating initial states by having connection matrix times final states in our formula, we are actually considering the time-reversal process. Since time-reversal operator is anti-unitary, we havê T Ψ(x, t) = φ * (x) exp [−i(E + iγ/2)t/ ]. The probability is |T Ψ(x, t)| 2 = |φ(x)| 2 exp (γt/ ), as expected for decaying behavior in time-reversal process. So in this formula, we describe decaying behavior by letting eigen-energy ac- Figure 4 as a function of the incoming energy E at different values of parameter β with a fixed t = 0.8. A peak appears as E hits one of the resonance energies besides the ground state.
quire a positive imaginary part,
We can simply let L = l +i∆ , where l represents the real part of the integral. Usually, γ E, so we can obtain approximate expression for ∆,
where b i and a i+1 are new limit of integral for imaginary part, which can be determined by
The reason for using another limit of integral for imaginary part is that WKB method is not valid near the turning-point. Near the turning-point, we expect that the contribution to imaginary part is very small comparing to that from middle region, where E − V (x) γ 2 . Defining β ≡ e −2∆ as the decaying parameter in the region B, we have
The probability of staying in region B is now given by
If β = 1, which means there is no decay, |G| 2 = 0 since the reflection probability |R(β = 1)| 2 = 1, irrespective of the incoming energy. For β < 1, the probability of staying in region B shows a resonance pattern for |G| 2 as a function of the incoming energy as plotted in Figure   5 . For some certain choice of parameters (t, β), probability |G| 2 can reach 1 at resonance energies. We focus on a specific resonance energy level E 1 . Expand the |G| 2 around this level,
Furthermore, we can let
where ω = ∂l ∂E E=E1
2
. So we can rewrite probability |G| 2 as a function of incoming energy
which is the Breit-Wigner formula. Here Γ is the total width of a certain level and Γ a,b are the two different channels: one is decaying to the ground state in region B and the other is decaying back to the initial state. The total reflection amplitude consists of two parts in this case. One is direct reflection after hitting the barrier from the left with amplitude r, and the other is tunneling back out to the left (region A) from region B, with amplitude D − . So the unitary relation can be written as
So we can interpret that the decay of a resonance in region B has two channels : one via tunneling with amplitude D − , and the other with decay to lower energy levels with probability |D g | 2 .
VI. DOUBLE BARRIER CASE
Next we like to consider the two barrier case, as shown in Figure 6 . As usual, direct tunneling amplitude T from the left (region A) to the right (region C) is doubly exponentially suppressed unless the energy is close to a resonance in region B. In this case, a resonant state in region B can decay in three ways :
• to a lower energy state, say the ground state, in region B, with amplitude D g ;
• tunnel back to the left with amplitude D − , contributing to the reflection amplitude R; • tunnel to the right with amplitude T . When incoming energy is close to a resonant state in region B, both |T | 2 and |G| 2 can be large.
With an incoming wave from the left, unitarity demands 6 . Resonant tunneling through a double barrier potential. before the introduction of decay, the transmission coefficient with an appropriate energy for identical barriers can approach unity due to a coherent sum of paths, even if the tunneling through a single barrier is exponentially suppressed. Here, the double barrier potential with decay Dg is considered.
where we have implicitly assume |G| 2 = j |D gj | 2 if there are a number of decay channels for the particular resonant state. By hitting the resonance, |T | 2 can be unsuppressed. So does |G| 2 . If we consider a wave-packet going through double barrier potential as described in Figure 6 with certain energy near the resonance in region B, the transmission from region A to region C can be interpreted as decaying to another state, which can precisely reproduce the exponential decaying law of a unstable state. The total transmission coefficient is γ/∆E, where γ stands for decay width and ∆E is the energy spread of this wave-packet. For two barriers, the connection formula gives us
where s i = sinhŜ i and c i = coshŜ i . To include decaying behavior, we let L = l + i∆. For simplicity, we define t i = tanhŜ i and β = e −2∆ . So we have transmission probability,
For β = 1, t 1 = t 2 and cos 2l = −1, the transmission probability |T | 2 = 1. Because there exists a decaying part in middle classical-allowed region, the unitary relation becomes |T | 2 + |R| 2 + |G| 2 = 1. Apparently at the right incoming, transmission can reach maximum which is not doubly exponential suppressed. We are interested in the situation where second barrier is slightly higher than the first one,Ŝ 2 >Ŝ 1 . LetŜ 2 =Ŝ 1 + ∆S, we have the relation,
where α = tanh ∆S < 1. Use this relation to replace t 2 in transmission probability and define a function as
When α = 0, two barriers are just the same, the maximum of |T | 2 could reach unity if β = 1. As α increases, height of second barrier grows and max |T | 2 decreases. If α → 1, which means that the second barrier becomes impossible to penetrate, transmission probability vanishes as expected.
VII. TRIPLE BARRIER CASE
Extending the above analysis to the three-barrier case, we now have 7 parameters : t 1,2,3 , β 1,2 , l 1,2 . The explicit expressions is given here
D is the denominator. In the simple case where t = t 1 = t 2 = t 3 , β i = 1 and l = l 1 = l 2 , the transmission probability becomes
which yields |T | 2 = 1 for cos(2l) = −(1 + t 2 )/2. the analytical expressions for probabilities are too complicated, and numerical calculation would be more helpful.
VIII. SPHALERON POTENTIAL
In 2-barrier case, when the incoming energy hits the resonant energy, the transmission coefficient approaches unity (for identical barriers and no decay) due to a coherent sum of an infinite set of paths, even if the tunneling through a single barrier is exponentially suppressed. For energies away from the resonant energy, the transmission coefficient is typically doubly exponentially suppressed (if the tunneling through a single barrier is exponentially suppressed) and the reflection coefficient approaches unity. We can view the process as tunneling through the first barrier while the second tunneling is treated as the decay of the resonant state. So, if we raise the height of the second barrier substantially (to infinity if one wants) so the particle cannot reach region C, then the reflection coefficient approaches unity; that is no particle can stay in region B, even if now we lower the first barrier height so it becomes easier to reach region B from the left (i.e., region A). Applying this understanding to the (B + L)-violating process in the Bloch wave approach, we see that, before the fermion mass uplift of the potential V (µ), either no (B + L)-violating process or an infinite (∆n → ∞) (B + L)-violation. Including the fermion masses, we see that sooner or later the wave is stopped, so the reflection coefficient is unity, implying that no (B + L)-violation takes place. As we have discussed in previous cases, tunneling plus decay may produce a similar enhancement as the resonant tunneling phenomenon. The idea clearly applies to the more complicated cases, so an estimate of the rate may be non-trivial. A typical case will involve multiple tunneling and decay channels, which can also produce resonant enhancement effect. Due to lack of exact information about decaying behaviors of resonance level in sphaleron case, we can only make order-of-magnitude estimation. Back in Bloch-wave-model and we have the total transmission coefficient described as
where Γ B is the Bloch wave band width and ∆ ± represent bandgap above or below the band. The denominator can be considered as energy spread of a wave-packet ∆E. So we can approximately consider Γ B ∼ γ of a certain resonance. We can use the potential in (5) with an additional tilting linear term, due to accumulated fermion mass, to calculate the tunneling parameter t i for each potential, and take Γ B of different Bloch wave solution, calculated in [19] , as inputs to evaluate decaying parameter β i . With decaying behavior considered, the possibility of incoming wave staying at other vacuums could be nonzero.
If we only consider one decaying channal without transsmision (the second barrier is infinitely high), we have two parameters (t, β) to describe the system. We can see from Eq(24) that enhancement effect would be more explicit if these two parameters are close to each other. As shown in Fig.8 , resonance enhancement are expected as energy going about sphaleron energy (9.1 TeV). For physical potential, every potential well has its own resonant energy level and corresponding width. When the incoming energy is near the resonance, transmission and decay probability could be unsuppressed. If linear term in potential is turned off, V (x) becoming pure periodic, all resonant level would be the same, which forming the well-known Bloch band. Because of the existance of tilting linear term, resonant levels could be different, which would cause probability of transmission and decaying greatly suppressed when going through more barriers due to the mismatch between neighbourhood resonance. Numerical estimation of resonance level in first two potential well is calculated in Table I . Comparing them, we see that when potential is more tilted, mismatch of nearby resonances would be more severe, which means that the resonance enhancement effect would be more suppressed. In other words, the probability of going through barriers would be more suppressed. This can also be seen in another way. We can numerically order-of-magnitude calculate the situation of going through 2-barrier and 3-barrier, with probability of transmission and decaying estimated. In Table II , we see that in both cases, probability of transmission in 3-barrier is much smaller than that in 2-barrier case. Also, comparing to 3 GeV case, the 20 GeV tilt causes more suppression to |T | 2 and |G| 2 in both the 2 and the 3 barrier case.
From above analysis, we argue that it is possible for incoming wave going through one or two barriers unsup- pressed. Overall, for left-incoming wave, we expect that the ∆n = 1 process is much more likely than the ∆n = 2 process.
IX. SPHALERON IN MINKOWSKI SPACETIME
Here we take the opportunity to take another look at the "few-to-many" issue for the initial state. An instanton in Euclidean space is 4-dimentional spherically symmetric. allowing all available sizes. On the other hand, in tunneling through a sphaleron barrier in Minkowski spacetime, we have only 3-dimensional spherical symmetry, where its size is determined by the W-boson m W and and the Higgs boson mass m H . Now, it is straightforward to treat the Chern-Simons variable µ(t)/π as a function of Minkowski time [24] . Although the choice of µ(t) is gauge-dependent, it is gauge-invariant at µ/π ∈ Z/2 and can be identified with the topological Chern-Simons or Hopf index at µ/π ∈ Z. For energies just above or just below the sphaleron energy, we find the width Γ of the Bloch wave is of order of 10 GeV [19] , yielding a time scale of δt ∼ /Γ. This should be compared to the width of the sphaleron in the spatial direction, dictated by m W and m H (of order of 100 GeV). For lower energy Bloch waves, the µ(t)/π lasts much longer. This is in line with the argument given in Ref. [31] that is worth repeating here.
For two W-bosons with momenta p µ = (E, 0, 0, p) and 9 . A schematic picture of how two high energy W-bosons can produce a sphaleron in Minkowski spacetime. Each vertex factor of g from their peripheral emission is cancelled by a 1/g when it hits the sphaleron. So the initial process (with an infinite set of diagrams) has a leading order contribution of g −2 . As pointed out in Ref [8] , each final state W-boson has a factor of 1/g associated with it; thus there is the possibility of enhancing the (B +L)-violating rate with multiple production of W-bosons.
q µ = (E, 0, 0, −p) at high energy E m W scattering, we have p + = E + p ∼ 2E and q − ∼ 2E while p − ∼ m 2 W /2E and q + ∼ m 2 W /2E. In position space, since
x ± ∼ 1/p ∓ , y ± ∼ 1/q ∓ as in multiperipheral scattering, the characteristic distance probed by their scattering is
which is large. In general, the sphaleron scattering behaves quite different from that of the instanton. This is illustrated in Figure 9 , where the µ(t) is more extended along the time direction than along the spatial directions. The initial scattering at 1/α order in coupling is shown. This include all tree diagrams in which there is no exchange of bosons. Figure 9 suggests that the creation of such a sphaleron is not suppressed by any power in the coupling. So far, our discussion has ignored the U (1) gauge field in the standard electroweak theory. Turning it on will lower the sphaleron mass from 9.1 TeV to 9.0 TeV [2] . It is interesting to note that the resulting sphaleron may be described as a virtual magnetic monopole-anti-monopole pair, as a stable magnetic monopole does not exist in the electroweak theory.
X. DISCUSSION
In earlier work [19] , we argue why (B + L)-violating processes may not be exponentially suppressed for two particle scattering at energies close to and above the sphaleron energy. However, in view of the QM analysis, it is not clear what the Bloch wave analysis will lead to: a single sphaleron transition, multi-sphaleron transition, or no transition. Naive argument seems to suggest the no (B + L)-violating transition will take place. Here we point out that decay is necessary for the resonant tunneling phenomenon to take place for a sphaleron potential like that shown in Figure 2 .
For energies much lower than the sphaleron energy of 9 TeV, the band widths are too narrow to be relevant, so we focus on incoming energies close to and above the sphaleron energy. At LHC 14 TeV proton-proton run, the rate of quark-quark scattering with 9 TeV incoming quark-quark energy is suppressed by the parton distribution function (about 10 −6 ) and by the phase space suppression factor of about 10 −3 (probability of 9 TeV energy in the (B +L)-violating direction instead of in the (B + L)-conserving directions) so the (B + L)-violating cross-section is suppressed by 9 orders of magnitude just from phase space considerations. Due to the uncertainties in the estimate given in Ref. [19] , detection of (B+L)violating processes a 14 TeV run is not assured even if the overall Bloch wave picture is correct. Increasing the proton-proton energy will go a long way in enhancing the parton distribution probability as well as the available phase space (i.e., E versus E), so the (B + L)-violating scattering processes have a much better chance to be observed.
conserved. The corresponding axial currents are anomalous, but they do not carry baryon numbers. In contrast, the anomalous left-handed fermionic currents in the electroweak model do carry baryon and lepton numbers.
Our discussion here follows that in Ref. [28] . Consider a particle moving in a one-dimensional periodic potential with period π, V (µ) = V (µ + nπ), n ∈ Z, with action
where the topological term plays the role of the θ term in the SU (N ) gauge theory. However, the model is not fully specified : the translational symmetry is local (gauged) or global. If it is gauged (local), µ plays the role of the angle of a circle, and V (µ) has a unique ground state and there is no continuous bands of solutions.
In the presence of left-handed fermions coupled to the SU (2) gauge fields, conserved currents (11) show that (n − 3B) is conserved, so we have to introduce the constraint, µ/π − 3B = constant (A2) (Since B − L is conserved, we simplify the discussion by ignoring the leptons.) Let us introduce a Lagrange multiplier λ into L (A1),
where we also introduce the term c|B| to indicate that the presence of baryon masses lifts the energy of the ground states. This yields
± depends on B being positive or negative. Choosing µ = B = 0 as the starting point, a slight rearrangement gives
yielding the potential (6) used earlier. This system can be interpreted as particle moving in (µ − 3πB)-conserving direction, as shown in Figure 3 , with potential V eff (µ) breaking the original periodic structure which V (µ) possesses. Even for c = 0, we see that the translational symmetry is global, since the baryon number B is different at different |n state. So continuous Bloch wave bands are present. One may add a kinetic term for B inside L (A3). Because of the constraint (A2), the theB term merges with theμ in Eq.(A4). This will introduce a modification of the mass M here and the mass m in Eq.(4). The above resonant tunneling process has been applied to the triple α process to create carbon-12 in stars. Based on the existence of carbon and higher elements in nature, the resonant state was predicted by Salpeter and Hoyle in 1953 and quickly confirmed in experiment later [29, 30] . We find it useful to review this breakthrough here.
In the late evolution stage of stars, the temperature become high enough so that helium starts burning. Through 3-α process, carbon is produced via a resonance enhancement. Without this excited carbon resonance, carbon and higher elements will not be formed.
The nuclear reaction we are interested in is the second step of the 3-α process, 4 He + 4 He + 4 He → 4 He + 8 Be → 12 C * where 12 C * stands for the resonance state in carbon-12. The two body problem can be simplified as one particle with reduced mass m r going through an effective repulsive Coulombic potential of the berylium nucleus. Because both excited and ground state of carbon-12 are s-wave and the reaction takes place in a background of helium gas, we can consider only the direct collisions, and apply the time-independent Schrödinger equation with reduced mass m r and the potential V(r), which is the combination of coulombic repulsion and nuclear attraction, similar to the potential shown in Figure4. When the Helium tunnels through the potential barrier, they form the excited state 12 C * , which has a number of decay channels, There are two important channels: One is decay into the ground state 12 C, the other is decaying back into 4 He and 8 Be. These two channels correspond to parameters Γ a,b in Eq.(24). Thus we have the formula for probability of such reaction producing ground state of carbon-12. With the classical collision rate between nu-cleus of 4 He and 8 Be, we can write the production rate of carbon-12 as dn * 12 dt = n 4 n 8 πr 0 2 (4
where n 4,8 are the particle concentration of helium and beryllium respectively, If we consider helium burning at temperature T = 2 × 10 8 K and density ρ = 10 8 kg · m −3 , n 4 = 1.5 × 10 34 m −3 and n 8 = 7 × 10 26 m −3 . |G(E)| 2 is a function of the incoming energy E as given in Eq. (24), which describing the probability of incoming particle staying inside the potential well. The heliums obey the Maxwell-Boltzmann distribution, which drops rapidly as E increases, while tunneling is exponentially suppressed as E decreases. So the helium distribution that penetrate the barrier has a peak (i.e., the Gamow peak) in energy E G . The position of this peak and its width is the "fusion window". As predicted, this is where the resonance level of carbon-12 is located. According to Ref. [32] , total decay width of the state is 9.3 eV and radiative decay width is 3.7 × 10 −3 eV. This gives the stellar synthesis rate of carbon-12, dn * 12 dt ∼ 10 30 m −3 · s −1 . If the 12 C * resonance is absent (or off by a fraction of MeV), or its decay is slower, the synthesis of carbon will be very much suppressed. This case clearly illustrates the need of the resonance as well as its decay after tunneling.
